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By L. KLUKOVITS in Szeged 
To Professor Bela Szokefalvi-Nagy on his 60th birthday 
Universal algebras are called commutative (or Abelian) in [2], [3] and [4] under 
different conditions. It has to be remarked that in the case of groups these conditions 
are satisfied only fo r the Abelian groups and this is the reason why the term "com-
mutative" is used. The conditions mentioned above are the following: 
M . (B. I. PLOTKIN [2], p. 32.) In case of a universal algebra (shortly algebra) (A, Q) 
for any operations n and v (m- and n-ary ones, respectively) the equality (a, j . . . aimn)... 
• ••(ani—a„mn)v=(ali...aniv)...(aim...a„mv)n holds under any matrix (atj)nxm over 
A (see also P . M . C O H N [ 1 ] , p. 1 2 7 ) . 
H . (A. G. K U R O S [3], p. 92.) The set of all homomorphisms f rom any algebra 
(G, Q) into the algebra (A, Q) admits the operations in Q, i.e., if <piy . . . , <pm are 
homomorphisms f rom (G, Q) into (A, Q) and is any m-ary operation, then 
the mapping 
((p1...(pmp):G-*A 
defined for any element g £ G as 
g(q>i...(pm[i)=(g9i)~Xg(pm)f* 
is also a homomorphism. I t has to be mentioned that in [3], the case of 0-ary opera-
tion was studied separately. However, this fact is irrelevant here, since an operation 
of this type can be considered a special unary operation a> with aa>= ba> for any 
elements a, b. Thus we can suppose that in the set Q there are no 0-ary operations. 
E . ( B . CSAKANY [ 4 ] . ) The set of all endomorphisms of the algebra (A, Q) admits 
the operations in Q, i.e., for any endomorphisms Bi, •••,£„, and any w-ary operation 
H (in Q) the mapping 
(si ...emn):A —A 
defined for any element a £ A as 
a(£i-smfi)=(ae1)...(aem)n 
is an endomorphism, too. 
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On the basis of a notion due to M . SERVI [ 5 ] we introduce a four th condition. 
Consider any category admitting finite direct composition. For any object 
A(£ Ob each morphism cp £ Horn (Am , A) (m is a natural number) is called m-ary 
operation on A. If A £ Ob ^ a n d <P is a set of operations defined above, let the ordered 
couple (A, 0) be called a Servi-algebra in the given category <2? (e.g., the topological 
algebras are exactly the Servi-algebras in the category of all topological spaces). 
So the fourth condition is as follows: 
C. The algebra (A, Q) is a Servi-algebra in the category of algebras of the same 
type si. 
We prove that these conditions are equivalent for varieties of algebras. 
L e m m a . For any universal algebra (A, Q) the conditions M, H and C are equi-
valent and E follows from each of them. 
P r o o f . The equivalence of conditions M and H is proved in [3], therefore we 
have only to prove the equivalence of M and C. 
Consider any category si of universal algebras similar to a given algebra (A, Q). 
W e want to prove that the mapping 
ju:Am-*A 
defined by 
(Xj, ...,xm)fi = ...*„,/< 
is a homomorphism from (A"', Q) into (A, Q). Let ( a u , . . . , alm), ..., (anl, ..., a„,„)6 
(¿Am, and let v be any /;-ary operation in Q. Then we have 
((an, ...,alm)... (ani, ...,anm)v)fi = ((alt ... crnlv), ...,(alm...a„mv))ji = 
= (ai j ... anX v) ... (alm ... anm v)/(, 
and , on the other hand, we have 
((«ii , •••,aim)P) ••• {{anX, ...,a„,„)pi)v = ( c u ... almfi) ... (anl ... anmn)v. 
Now, if condition M holds, then we can see that ¡i is a homomorphism and con-
versely, if jl is a homomorphism, then condition M holds true. The second state-
ment of the lemma is obvious. 
A simple counter-example shows that, in general f rom the condition E the con-
dition M does not follow. In fact let us consider the groupoid G, defined by the fol-
lowing multiplication table: 
y a b c 
a a b c 
b b a b 
c c c a 
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G has three endomorphisms given by the following table 
(O i a 
a a a a 
b a b c 
c a c b 
Hence it is obvious that condition E holds for G. On the other hand, 
(aby) (cay) y = b, (acy) (bay) y = c, 
i.e., condition M is not valid. 
We shall say that for a variety of universal algebras the conditions mentioned 
above hold if they hold for each algebra in the given variety. 
T h e o r e m . For any variety of universal algebras all the conditions M, H, E and 
C are equivalent. 
P r o o f . In view of the lemma, it is enough to prove if condition E holds 
for the variety 91, then condition M holds, too. The way of proving this is similar 
to that of T. EVANS [6] concerning groupoids. 
Let F denote the free algebra generated by the set X= ( x , , x 2 , ...) in the variety 
91. It is sufficient to show that the equality in condition M holds for any nXm matrix 
over X. 
Let n and v be arbitrary operations (m- and w-ary respectively) in the variety 
91 and (xu)nXm any matrix over X. We define the following mappings sk (k— 1,2, . . . , / « ) 
on the set X, 
X j 1 £k = Xjk 
for all l ^ j ^ n . These mappings can be extended to endomorphisms of the free 
algebra F. Thus we have 
X j i (£1 • • • em ¿0 — 0*7'1 e l) ( X j 1 £2) • • • ( x j l Sm) I1 ~ X j l Xj2 • • • xjm I1 
and therefore 
••• ml*) ••• (X.1 ••• = ••• *nlv) (£1 ••• Smli) = 
= (xil...XniV8i)...(xll...XniVSm)n = 
= ( (* i i6 i ) ... (x n leL)v) ... ( ( x ^ e j ... (x n l e m )v) f i = 
= ( * n ••• ^.ii v ) ••• Cxim ••• x,mv)n. 
This completes the proof. 
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